A NOTE ON REARRANGEMENTS OF FOURIER COEFFICIENTS
by Hugh L. MONTGOMERY Let {9^} be a sequence of functions on T = R/Z, with the property that they are uniformly bounded,
(1) ' II 9 .11 oo ^ M, and satisfy a Bessels inequality (2) SLC^M^1!^.
For the sake of simplicity we suppose that M has the same value in (1) and (2); this does not occasion any loss of generality. Suppose that ^ [a/J 2 < oo. Then
k is a member of L^T), since the dual of (2) (6) Jjyp ^ 20MP/_ 9 J^1 2 .
00
If C e L^T), C{x} ~ S ^ cos 27cna;, and if C,\, then n=0 C = C*, so (6) Taking ^(t) = ( g/2 , we see from the above that
Inequalities of this type have a long history. Hardy and Littlewood [3, 4] proved that
in the case ^u{x) = ^i kx , -oo < k < + oo. Littlewood [6] has shown that Cq is bounded in this case, and F. R. Keogh [5] has shown that Cp -> 1 as q -> oo. In the opposite direction, Littlewood [7] showed that Cq > 1 except when q is an even integer. Consequently, the constant 20 in Theorems 1 and 2 can not be replaced by 1. R. E. A. C. Paley [9] extended (8) to the case of arbitrary uniformly bounded orthonormal 9^ (see Zygmund [11, XII § 5] for a simple proof). Theorem 2 does not seem to follow from the special case (7), since in general a convex increasing function ^(^ ls not comparable to a sum ^ c^, c^ ^ 0, a,. ^ 1.
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If one were to consider, in place of /'*, a function for arbitrary coefficients a^ satisfying |aJ ^ 1. The above is known to be true when q == 2, q = 4; thus by Holder's inequality it suffices to consider the case T == N^2. The Conjecture is of special interest in multiplicative number theory, since from it one can deduce (see Montgomery [8, Theorem 12.6]) that the interval [x, x + x^) contains a prime number, for all x > Xo{e).
We now prove Theorem 1. We have only countably many functions 9^, so without loss of generality we may suppose that 0 ^ k < oo. Let But 27i 2 < 20, so by (10) our proof is complete. We note that once (9) is established, the remainder of the proof can be effected in several ways. In proving (8), Hardy and Littlewood [3] To obtain this for general ^ we have only to add a constant to both sides of the inequality. This completes the proof of Theorem 2.
